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Outline

* Why higher-order perturbation theory?

* The state of the art
* Where are we? Where are we going?

* Where are the challenges? » techniques & examples
* Multi-loop amplitudes
* Subtraction

* Numerics
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What are the fundamental building blocks of matter?

Scattering experiments
Large Hadron Collider (LHC)

% ’/

Credit: CERN
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Standard Model
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Standard Model Production Cross Section Measurements

Status: February 2022
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Collision events
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ATLAS

EXPERIMENT
Candidate Event:
pp—H(=bb) + W(-pv)
Run: 338712 Event: 335908183
2017-10-19 23:31:18 CEST




veyrough Theory picture of hadron collision events

Guiding principle: factorization
"What you see depends on the energy scale”

In Quantum Chromodynamics (QCD):

Q) > Aqcp  Fixed-order perturbation theory
scattering of individual partons

Parton-shower/Resummation
Q 2 Aqep  all-order bridge between perturm’ £

and non-perturbative physics

e
'l
'

Q ~ Agep “"Hadronization”/MPI/...
non-perturbative physics
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LHC Precision era and future experiments

LHC HL-LHC

~HiLumi

LARGE HADRON COLLIDER

LS2 13.6 TeV 13.6-14 TeV

Diodes Consolidation
LIU Installation

energy

inner triplet ) HL'LH(_:
Civil Eng. P1-P5 pilot beam radiation limit installation

Production Cross Section Measurements Status: February 2022
2es | 2z ][]
) nominal Lumi

5t07.5 ATLAS Preliminary

ATLAS - CMS B heory
= 13 TeV
upgrade phase 1 ATLAS - CMS l"/,’/_—‘ \/; 57,813 Te e s

ALICE - LHCb ’ 2 x nominal Lumi , HCupgrads Bl 0aie 321391
upgrade ! !

[Credit: CERN]

LHC pp V5 =8 TeV

a8 BBl Data 20.2-203b!
) BBl  Data 45-49f!
- much more stats & hopefully similar systematics ‘

(difficult pile-up/radiation environment)

LHC pp Vs =5 TeV

Data 0.03-0.3fb

More precision for
< stat. dominated, i.e. higher multiplicity, processes
< cases where systematics are statistics limited (data-driven)

PP Jets ¥ Wz ot t W v H Hi VHVy v gH _wwv vy Vi@ oy

thy Vi tiE Moww
oo ver o, oo e
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Precision predictions

Fixed order Resummation

perturbation theory l

Parton-showers
> Core element of event \A /

simulations
- describes high Q regime

Precision theory predictions

\ Parametric input:
PDFs, couplings («s), ...
Soft physics:

MPI, colour reconnection,

Fragmentation/hadronisation
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Precision through higher-order perturbation theory

Exam ple: ATLAS NNLO QCD corrections to event shapes at the LHC R i e
multi—jet measurements @ Alvarez, Cantero, Czakon, Llorente, Mitov, Poncelet JHEP 03 (2023) 129 "y R

[ATLAS 2301.09351] o T8E '
s °E Hp, > 1000 GeV
o 1.1
= e o ol B IS SIS
e e e e e
m =
= 0-9§ -----------------------------------------------------------------
O 08 . . . . . . . .
0.8 0.6 0.4 0.2 0 0.2 0.4 0.6 0.8

cos ¢

Cross section=L0O  +NLO +NNLO +0O(a?) ) :
Fixed-order expansion

~ ()t~ () in the strong coupling

Order as(mz) ~ 0.118

Theory uncertainty: of O(10%) O(1%)

magnitude

Experimental precision reaches percent-level already at LHC

next-to-next-to-leading order QCD needed on theory side
or even N3LO and beyond!

9.12.2025 Aachen Rene Poncelet — IFJ PAN 9



N3LO Higgs production

* Higgs production is dominated through

I NNLL+NNLO QCD+NLO EW N3LO QCD+NLO EW

. ‘ gluon-fusion
NLO QCD
?
Arwions 0010 3 * Experimental measurement

O ggrspr = 47.1 £ 3.8 pb

o(pp—H+X)[pb]

[CMS'22]

LO

— | * HL LHC expects 2 % uncertainty

* Theory predictions need to keep up
- Higher-order predictions crucial!

[talk by Grazzini]

Heavy Top Limit (HTL or EFT): ﬂ> . Zj}% ----- agﬁH_agngHw(m?) for my — o

LO
Higgs Effective Field Theory (HEFT or rEFT): oN EQ = JLO o ~ 1.064 x ohre®
OHTL

9.12.2025 Aachen Rene Poncelet — IFJ PAN 10



Precision predictions for Higgs production in gluon-fusion

, . . o [LHCH(XS)WG YR4' 16]
Immense community effort to achieve precise theory predictions

12.22 pb (+4.56%

o = 48.58 pb| s 50 (70| (theory) + 1.56 pb (3.20%) (PDF+a,).
48.58 pb = 16.00 pb (—|—32.9%) (LO, rEFT) [Georgi, Glashow, Machacek, Nanopoulos'78]

120.84pb (+42.9%) (NLO, rEFT) [Dawson ‘91][Djouadi, Spira Zerwas ‘91]
[Graudenz, Spira, Zerwas 93]

— 2.05pb (—4.2%) ((t,b, c), exact NLO)
[Ravindran, Smith, Van Neerven ‘02]

1+ 9.56pb (_|_19.7%> (NNLO, rEFT) [Harlander, Kilgore ‘02][Anastasiou, Melnikov ‘02]
[Harlander, Ozeren’'09][Pak, Rogal, Steinhauser10]

+ 0.34pb (+0.7%) (NNLO, 1/my) [Harlander, Mantler, Marzani, Ozeren “10]
[Aglietti, Bonciani, Degrassi,Vicini'04]

+ 2.40pb (+4.9%) (EW, QCD-EW) [Actis, Passarino, Sturm, Uccirati’08]

3 [Anastasiou, Boughezal, Petriello’09]
+ 1.49pb  (+3.1%) (N’LO, rEFT)
[Anastasiou, Duhr, Dulat, Herzog, Mistlberger'15]

9.12.2025 Aachen Rene Poncelet — IFJ PAN 1



Remaining theory uncertainties

[LHCH(XS)WG YR4' 16]

Exact top-mass dependence Input parameters
S aN3LO PDFs
N4LO approximation , , through NNLO QCD Vs 3 Tev
, [MSHT'22,NNPDF'24] bk
[Das, Moch, Vogt "20] [Czakon, Harlander, Klappert, Niggetiedt'21] e ¢

PDF PDF4LHC15_nnlo_100

ag(my) 0.118

my(my) 162.7 GeV (MS)

my(my) 4.18 GeV (MS)
me(3GeV) 0.986 GeV (MS)

w=pur=pr 62.5GeV(=mg/2)
d(scale) d(trunc) 0(PDF-TH) )(EW) o(t, b, c) o(1/my)
by £0.18pb  £0.56pb  +049pb  +040pb  £0.49 pb

T2 40.37% +1.16% +1% +£0.83% +1%

Bottom-top-interference
N3I—O HEFT Improved QCD-EW predictions [Czakon, Eschment, Niggetiedt,
[Mistlberger'18] [Bonetti, Melnikov, Trancredi’"18] [Anastasiou et al “19] Poncelet, Schellenberger,

. ; . , . - Phys.Rev.Lett. 132 (2024) 21,
[Bonetti et al. 20][Bechetti et al. '21] [Bonetti, Panzer, Trancredi ‘22] 211902, JHEP 10 (2024) 210, EurekAlert]

9.12.2025 Aachen Rene Poncelet — IFJ PAN 12



Bottom-top interference effects through NNLO QCD

Double real (one-loop) — —
<cheme MS on-shell
O(a?) —-1.11 —1.98
""" LO ~1.11%0% ~1.9810:38 e 4
003 YT Sy R.enormallsatlon scheme
NLO 1764027 _9.42+019 independence at NNLO
. O(ad) +0.02 +0.43
Real virtual (two-l :
ea ual (two-loop) NNLO —1.74(2)%01 —1.99(2)#02

Pure top-quark mass effects

. Order o pb o — o pb
Double virtual (three-loop) HEFT [Pb) (0 — ouer) [pb]
O(a?) 116.30 ~ .
LO 1630257 - Bottom-top interference
O(as) +21.14 ~0.303
N(L% 3744558 —o.3ost(g¢%g larger than top mass effect
Ola, +9.72 F0.147(1
NNLO 47.16132% —0.156(1) 0 0

9.12.2025 Aachen Rene Poncelet — IFJ PAN 13



What about the PDFs?!

Gluon Fusion: gg = H (4= my/2)

aN3LO PDFs:

Light: PDF + Scal taint . . .
- T cale fcertainy V5 = 13 TeV - approximate N3LO ingredients
Dark: PDF uncertainty . . .
; (splitting functions)
fLl R % > higher-order coefficient functions
45 - T ——————--3-¢-
{4 _t____ modelled by theory unc.
o 1.10
Q40 ~— MSHT20 NNLO
= ~—— MSHT20 aN3LO
* 1.05 ]
354 R °
---- N3LO Result NLO PDF = 1.00
"""" NNLO Result ¢ NNLO PDF ~
NLO Result # N°LO (H; +K;)~! PDF =
30 - —— N3LO u=my Result $ N3O H) -1 ppF 0.95 |
NLO NNLO N°LO @ = 100 GeV
oaccuracy 1 IIIIIIII 1 1 \IIIIII 1 IIIIII\I 1 II\IIIII 1 L L L Ll
0910075 1074 1073 1072 1071
9.12.2025 Aachen Rene Poncelet — IFJ PAN 14



Les Houches Wish List: where do we stand?

Higgs

process known

N°LOyrL,
NNLOGL!
MO

NLOgcp

NNLOgyrr,
NLOgep
NYLOgopsrw

NLOg1, ® LOgcp
N3LO((:;’C%‘*) (incl.)
NNLOGEE")
NLOGw")

NLOyry,
VBF
NLOG)

N*LOqqp (incl.)+ NLOgyy

t,b)
NLOYY

NNLOgep
NLOQCD +NLOgw

N3LOHTL ® NLOQCD
NLOgw

N*LOSEF (incl.)
(VBF®)

NNLOG

NLOGEF)

NNLOyr,

NLOQCD +NLOgw
NNLOgcp (approx.)

NLOgqep + NLOgw

9.12.2025 Aachen

Vector-bosons

process

Top-quarks

Jets

known

process known process known
N’LOgep + N*YLOgopgew
NLOgw NNLOqep + NLOgw (w/o decays) _ NNLOqen
NNLOgqcp +NLOgw NLOQCD + NLOEW (off—shell) NLOQCD + NLOEW

+ Full NLOgcp (99 — Z22),

MIRSIEEN NNLOqep + NLOgw

NNLOqep (w/ decays)

approx. NLOqcp (99 — WW)

NNLOqep + NLOgy

NLOqcp + NLOgw (QCD component)

NLOqcp (off-shell effects)
NLOgw (w/o decays)

NLOqcp + NLOgw (EW component)

NLOgen

NLOgep (w/o decays)

NNLOgep

NLOgop + NLOgw

SOS

NLOqcp (QCD component)
NLOqcp +NLOgy (EW component)

Full NLOgcp + NLOgy

NLOgep + NLOgyw (w decays)

NLOgep (off-shell)

NLOQCD + NLOEW (off—shell)

NLOQCD + NLOEW (off—shell)

NLOqcp +NLOgw (EW component)

NLOqcp + NLOgw (EW component)

Full NLOgep | NLOgy

NNLOgep*(w decays)
NLOgw (w/o decays)

<.

— jj)

NLOqcp +NLOgyw (w/ decays)

NLOgcp + NLOgyy (off shell)

NLOgcp + NLOgyw (off-shell)

NLOqcp + NLOgy (off-shell)

NLOqcp + NLOgyy  (off-shell)

NLOgcp (w decay)
NLOgyw (w/o decays)

NNLOgop +NLOgyw

NNLOqep +NLOgy

NNLOgcp + NLOgyw
+NLOgqep (99 channel)

NNLOgop

Rene Poncelet — IFJ PAN
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Les Houches Wish List: where do we want to go?

Higgs Vector-bosons Top-quarks Jets

Rrocess desired Process desired process desired
pp =V N’LOgw
_ 3 rocess desired
pp— H N*LOgry, (incl. 3 p
L ( ) Full NLOQCD pp — tt N LOQCD
pp = VV' (gg channel, w/ massive loops) pp — 2jets N3LOQCD + NLOEW
NNLOgr, ® NLOgep + NLOgyw NYLOgeperw B
pp— H+Jg N*LOyr, pp—=>V+j hadronic decays pp =ittt NNLOQCD + NLOgw (w decays) p — 3 jets
NNLOgcp . R
pp—V+2j NNLOgcp pp = tt+2j  NLOqcp +NLOgy (w decays)
NNLOyrr, ® NLOgcp + NLOgyw
N3Lo§2VCB§'> pp— V +bb NNLOgcp + NLOgy pp— tt+ V' NNLOqcp +NLOgyw (W decays)
pp — H+2j5 (VBF) = - B
NNLOgcp pp = W+bb pp— tE+ 7y
- VV' +1j§ NNLO _
NLOgcp w : Qcp pp—tt+Z
NLOqcp + NLOgw , .
pp — H +3j 5 pp—= VV' +2j Full NLOgep + NLOgw 7
NNLOGa B pp = tt+ W
N*LOqcp pp = WIW* 425 i
pp = VH - - pp — NNLO +NLO w decays
NDLOgepemy pp = WHW™ +2; QCD Ew ( ys)
- WTZ +2j K
pp— VH+j o pp =12 NNLOgqep + NLOgy (w/o decays)
pp—>ZZ+2j
P — NLO NLO off-shell
pp = VV'V" NLOgqcp + NLOgy (off-shell) pp — titt qep F Bw )
pp — HH NNLOqcp - NNLO
pp = WWW QCD
pp = WWHV = jij)
pp— HH+2j  NLOqcp pp = WZ(V = jj)
P = VY N*LOgcp
pp — HHH NLOgcp P+ N*LOgcp
pp—H+tt  NNLOqcp PPV +i
pp— H+1/f  NNLOgep =1y NLOpw

9.12.2025 Aachen Rene Poncelet — IFJ PAN 16



NNLO QCD in collinear factorization

1 1
Tt = 3 [ [ dordaadin, (o1t bun (a1 x (i) shs 1)
7 Yo Jo
LO C :
Parton distribution functions
Partonic cross section:
NLO (0) (1) (2) 3
5-ab—>X — &ab—>X + 6-ab—>X + 6-ab—>X + O(as)

9.12.2025 Aachen Rene Poncelet — IFJ PAN 17



NNLO QCD challenges: two-loop amplitudes

How to compute
multi-scale two-loop QCD amplitudes?
- fast growing complexity:
rational coef. and special functions
- deeper understanding of the
analytical properties
- refinement of computational tools

LO

NLO

Two-loop 5-point
[Abreu, Agarwal, Badger, Buccioni, Chawdhry,

:E E Chicherin,Czakon, de Laurenties, Febres-Cordero, Gambuti,

Gehrmann, Henn, Lo Presti, Manteuffel, Ma, Mitov, Page,
Peraro, Poncelet, Schabiner Sotnikov, Tancredi, Zhang,...]

Three-loop 4-point as0gg0000 m;& 500
[Bargiela, Dobadilla, Canko, Caola, Jakubcik, Gambuti, § ;;E
Gehrmann, Henn, Lim, Mella, Mistleberger, Wasser, ——\20007

Manteuffel, Syrrakow, Smirnov, Trancredi, ...]

NNLO

b ast

Four-loop 3-point
[Henn, Lee, Manteuffel, Schabinger, Smirnov, Steinhauser,...]

9.12.2025 Aachen Rene Poncelet — IFJ PAN 18



Approach to multi-loop amplitudes

Projection Integration-by-parts Differential equations

Feynman Scalar Master ‘Analytic’
diagrams integrals integrals functions

Using finite fields to avoid expression swell

9.12.2025 Aachen Rene Poncelet — IFJ PAN 19



Virtual amplitudes

Sample diagrams

Decomposition:

Colour structures

Leading colour expansion of

Double virtual QCD corrections to tt+jet production at the LHC,
Badger, Becchetti, Brancaccio, Czakon, Hartanto, Poncelet, Zoia
[arxiv:2511.11424]

4

X Z (t%(g)t%mt%(ﬁ))il AE;L) (14,2¢,0(3)g,0(4)g,0(5)g)
JEZg

_ qL
M(L) (1t_: 2t: Sg: 49': 5@) = \/Egg l(4ﬂ)€€_€7E %]

fl(‘l) — NC F;E‘l):Nc +nf Fr(l):nf :

. . . 2 . .
partial amplitudes: F@) = N2 F2)NE + Nony FONens +n2 ri2ns scalar&finite
functions
. . (LYhshah (L)hshah - 1 ~(L)hshah IR renorm. ~(L)hshah
Spin structure: AlPhhats = % g, gtetale gttt =y (071), AWM e M RBNANS
i=1 Jj=1 f

9.12.2025 Aachen

Rene Poncelet — IFJ PAN 20



Integration-By-Parts reduction

]};{;)hlmh?’ = Z c;({p},e)Z;({p},e) > prohibitively large number of integrals

d d
(). = 70 ()0 = [ e oy L2 G 04

Integration-By-Parts identities connect dlfferent integrals > system of equations
- only a small number of independent “master” integrals

0= [ Gt HD‘”” (o} (k) with e {p}n (k)

b ELM =3 di({p) ML ({p) o)

Masters expressed in basis functions: (L)h3h4h5 = Z ii)z?’h“h“” ()

9.12.2025 Aachen Rene Poncelet — IFJ PAN 21



Reconstruction of Amplitudes

Workflow

Credit:

9.12.2025 Aachen

‘ Feyman diagram ‘

projectors/tree interference

Integrand reduction/

Numerical evaluations over finite fields

v

‘ Integration-by-parts reduction

‘ Laurent expansion of master integrals

Poles subtraction

Finite Remainder

‘ Analytic reconstruction

Bayu

QGRAF[Nogueira] . FORM[Vermaseren,etal]
MATHEMATICA, SPINNEY[Cullen,etal]

finite field framework: FINITEFLOW [Peraro(2019)]

IBP identities generated using LITERED|Lee(2012)]
solved numerically in FINITEFLOW using

Laporta algorithm[Laporta(2000)]

aoeds aseyd [euoney

Mature technology + new optimizations
* Syzygy and module intersection

techniques to simplify IBPs [NeatIBP]

* Exploitation of Q-linear relations

* Denominator Ansaetze
* on-the-fly univariate partial fraction

(1 prime field)

1 2 3 4
master integral coeflicients
of mass-renormalised amplitude | 404/393 | 398/389 | 411/402 | 421/411
(full € dependence)
special function coefficlents | 51 /305 | 305/206 | 321/312 | 326/317
of finite remainder
linear relations 291/280 | 287/278 | 299/293 | 304,/299
denominator matching #1 291/0 287/0 299/0 304/0
partial frac.tlon decomposition 44/40 55/51 57 /54 58/54
11l T5123
denominator matching #2 44/0 54/0 54/0 56/0
CITHPEG RN SRt 137076 | 89624 | 161482 | 179838

Rene Poncelet — IFJ PAN
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Master integrals & finite remainder

Differential Equations:  dMI = dA({p}, e)MI

Canonical basis:

- not available in ttj case (elliptic integrals):

dMI = ed A({p})MI

[Remiddi, 97]
[Gehrmann, Remiddi, 99]
[Henn, 13]

However, still translates into a system of DEQs for basis functions: dG(d) = M(d) - G(d)

ik
£
G(a?) _ weight-3
weight-2
fi(l)
1
9.12.2025 Aachen

Yir 4 0 Yge 3 Yy 0 0
0 0Xe3 0 0 0
0 0 0 Xso 0 O
0 0 O 0 Xo1 O
0 0 0 0 0 X
0 0 O 0 0 0

Solve numerically from pre-computed
boundary points [AMFlow]

Rene Poncelet — IFJ PAN 23



Numerical evaluation of master integrals

Channel | Functions [s| | Coefficents [s| | Assembly [s] | total [s]
- Solve DEQ by direct integration g9 — Tt 2.69 30.90 1.58 35.17
(Bulirsch-Stoer algorithm) o s Fa - 3. iis .
. q9 q . : . .
> Error control based on each function’s i
. . . — tt 2.50 9.62 0.21 12.33
contribution to squared matrix element T
q7 — Ttg 219 9.30 0.18 11.60
2 Y S RO*RE
Q o 1 colour pol.
- 1 = = 2 —
(4ﬂ-) Z Z |R(0) ‘ 0.150 A
colour pol.
n 0.125 4
947 1/2 £
0Q) |2 2 & 0.100 -
AQ(t) = [Z‘?‘ INAO) 5 -
1 Jilf=7() 2 0.0751
é 0.050 A
- directly control numerical error of the final result %% _,__y——|_l_|_
- ready for phenomenology 0.000 F——
—l0g10 (|G — Hygl/ M54 1)
9.12.2025 Aachen Rene Poncelet — IFJ PAN 24



NNLO QCD challenges: real radiation

How to achieve infrared (IR) finite differential
cross sections at NNLO QCD?

NNLO

i
v K
E

—

: E ~20 years to solve this problem
V

IR-finite cross section

9.12.2025 Aachen Rene Poncelet — IFJ PAN 25



Next-to-leading order case

Kinoshita-Lee-Nauenberg (KLN) theorem
sum is finite for sufficiently inclusive observables
* and regularization scheme independent

~(1) _ AR | AV | ~C
Uab _aab+0ab+0ab

Each term separately infrared (IR) divergent:

Real corrections: Virtual corrections:
R _ 1 0) | 1) v 1 0)| A
Tab = 55 d®p 41 <Mn—|—1‘Mn—f—1> Fria Tab = 53 d®, 2Re <Mn M, >Fn
Phase space integration over unresolved configurations Integration over loop-momentum

(UV divergences cured by renormalization)

9.12.2025 Aachen Rene Poncelet — IFJ PAN 26



IR singularities in real radiation

1
AR (0) ‘ (0) >
T s <Mn+1 Maia ) s Finite function

/

1
. (@@ N/OdEdHE(l_Cose)f(E,cos(H))
AN

Regularization in Conventional Dimensional Regularization (CDR) d = 4 — 2¢

! 1
E I 1
— /Od d9E1_26<1 oS 9)1_€f( ,cos(f)) 4.

62

Divergent

Cancellation against similar divergences in

)

1
~V
4, 2R <
O-(Zb 28 e

9.12.2025 Aachen Rene Poncelet — IFJ PAN 27



How to extract these poles? Slicing and Subtraction

Central idea: Divergences arise from infrared (IR, soft/collinear) limits > Factorization!

Slicing

Subtraction

9.12.2025 Aachen

) 1 1
o8 = 5 d®, 4 <M§10J31)Mﬂl> wh1 + o= d®,,., <M2011’Mffll> .
§ J5(@)>6. § Js(@)<ée.
1 0 1 i
~— 4, ‘ ( ., —/d@nMaan 5.
35 ey, A0t (MEDME ) P 5 (5P + O(5.)
... + &Y, = finite
Most popular
8= L [ (a9 © M d®,,.1 SF L [ 4%, SF
Tab = o7 ( nt1 <Mn+1’Mn+1> 1 — APt n>+% d®y 11 SFy, NLO QCD schemes:
CS [hep-ph/9605323],
2% / b, 1 SF, — zis / 4%, AP, ST, FKS [hep-ph/9512328]
Phase space factorization > Basis of modern
- momentum mappings event simulation
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Partonic cross section beyond NLO

ab

9.12.2025 Aachen

A(2) _ AVV
= Oab + Uab + Uab + Uab + Oab

~C1

Real-Real oy
Real-Virtual GRY —

ab
Virtual-Virtual oYY =

sz = (double convolution) F,,

1 (0) | 4 4(0)
2—§/dc1>n+2 <Mn+2‘Mn—|—2> n+2

1
dq)n+1 2Re <M£LO_|)_1 ‘Mq(fbl_{)_1> n—+1

o)),

@)+ (M

213 4P, (2Re<

651 = (single convolution) F,, 4,

29
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Partonic cross section beyond NLO

~(2) _ AVV
O-a, - Uab

9.12.2025 Aachen

~ RV ~RR ~C2 ~C1
+ Oab + Oab + Oab + Oab

Technically substantially more complicated!

Main bottlenecks in the real-real:

* Analytic integration is more difficult

* Many possible limits » good organization principle needed

* Eventually to most important:
numerical efficiency & automation & flexibility

Rene Poncelet — IFJ PAN
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Slicing and Subtraction

Slicing NNLO QCD schemes
* Conceptually simple qT-slicing [Catani'07]
* Recycling of lower computations N-jettiness slicing [Gaunt"15/Boughezal“15]
* Non-local cancellations/power-corrections ... see for example [Buonocore’25]

- computationally expensive

Subtraction Antenna [Gehrmann’'05-'08]

Colorful [DelDuca’05-"15]

* Conceptually more difficult ) ; .
P Y Sector-improved residue subtraction [Czakon10-'14'19]

* Local subtraction - efficient

* Better numerical stability Projection [Cacciari'15]
* Choices: Nested collinear [Caola'17]
* Momentum mapping Geometric [Herzog'18]
* Subtraction terms Unsubtraction [Aguilera-Verdugo'19]

* Numerics vs. analytic
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Top-quark pair plus jet production

L L L LO NLO NNLO
Sector-improved residue subtraction [Czakon"10-14'19] - |M 24 H[F;Z] | ™M pb] | o™ [pb]
R — UF — T
full NNLO QCD except for two- loop virtuals: soft |341.9(0.2) T 0% [383.0(1.3) 70 5% 362.9(10.1) T0 137
) £(0) (2 hard| 60.8(0.0)T29-0% | 74.1(0.2)*{.77% | 70.4(0.6) 105257
F, 2 — 2 c; log" 2 pr = pr = Hr/2

s (W) = oy P (@) F ZO ilog!(u*/Q°) off [555(0.) T2 35 109 757 [353.006 277 2

¢ hard| 2220007, 0 | 68001 | W04 5.

FO = (FOIFO), FO =2Re((FOIFD)) wolt [171 _<HT>+39 T 305 5(0.6) 75 | 3I58(A1) 50

(2) _ (0) (2) (1) (1) SOft 171.1(0.1 2. 6‘7(') 295.5(0.6 16. 2(70 345 8 4.1 7. 9770

P = 2Re((FIFTN + (P hard| 30.1(0.0)730 0% | 54.7(0.1)*139% | 65.8(0.3)75 a3

Leading colour amplitudes from:

Double virtual QCD corrections to tt+jet production at the LHC,

Badger, Becchetti, Brancaccio, Czakon, Hartanto, Poncelet, Zoia
[arxiv:2511.11424]

2 soft jet — LO —— NLO —— NNLO

'S
=3
[}

cross section in pb

(

0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

x(\hard jet — L0 — NLO —— NNLO

PR = pr = po = Hr/n
Hr = Mz (t) + Mr(t) + pr(j1)

LHC phase spaces at 13 TeV:

-3
ot

cross section in pb
ot
o
1

Soft-jet: pr(j) >30GeV, [y(j)] < 2.5

Hard_jet: pT(.]) Z 120 GGV, pT(]) Z 04(pT<t) +pT<f>)’ |y(])| < 2.4 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
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Top-quark pair+jet production: differential observables

- typical perturbative convergence

1000

-~ impact of leading-colour:
= 10t LHC 13 TeV PDFALHC21.40 o = Hp/2
< soft-jet phase space, m; = 172.5 GeV
2o
65 107+ A
£
< 071 — 0 — NLO —— NNLO
'-O T T T T

=0 7-pt scale variations
o 1.0 -; ‘
—
Z.
£ 19 TTNP 95% CL
T e — e ——
1.0
2(I)0 4(I)0 6(I)0 8(I)0
pT(tD [GGV]
9.12.2025 Aachen

o)

=

2 F? 9 FY 3

SN S

T R P
0e|-1,1]

1.00

LHC 13 TeV PDF4LHC21.40 o = Hr/2
soft-jet phase space, m; = 172.5 GeV

LO — NLO

= NNLO

7-pt scale variations

TNP 95% CL

0.0 0.2 0.4 0.6 0.8 1.0

Future phenomenological applications
- precision top-quark mass extraction
- strong coupling through ratios?

- input for N3LO top-pair with slicing...

Rene Poncelet — IFJ PAN
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Overview status of NNLO QCD cross section computations

Caola et al. ][ De Flonan et al.

77 MATRIX
Grazzini et al. Grazzini et al.
Gehrmann-De kdd et . ][ Cume et al.

VBF v
Cacciari et al. Campbell et al.

Hj Y
Boughezal et al. Campbell et al.

Wj
Boughezal et al.

ttj

Poncelet et al.

2002-03 2004-05 2006-07 2008-09 2010-11 2012-13 2014-15 2016-17

All 2 > 2 SM processes, 2 » 3+ only limited by
- the available two-loop matrix elements
- numerical/computational challenges

9.12.2025 Aachen Rene Poncelet — IFJ PAN

2018-19 2020-21 2022-23

Hj MCFM at NNLO Z bb (mass.)
Boughezal et al. Boughezal et al. Mazzitelli al.
Z~y W~ HH w. top-mass ttH (soft-H) H bb (mass.)
Grazzini et al. Grazzm1 et al. Grazzini et al. Catam et al. Catani et al. Biello al.
WH tot. jj (partial) tt Z7Z+decays Z+b VH+j ttH (mass.)
Brein et al. Currie et al. Czakon et al. Grazzml et al. Kallwen et al. Gauld et al. Gauld et al. Devoto al.
H tot. H, 04 Zvy WwW Z+c ttW (soft-W)
Ravindran et al. Catani et al. Catani et al. Grazzini et al. Gehrmann et al. Campbell et al. Poncelet et al. Poncelet et al. Gauld et al. Buonocore al.
H tot. H W/Z, WH tt tot. 7ZH WH/ZH v ii id. hadrons
Anastasiou et al. Anastasiou et al. Melnikov et al. Ferrera et al. Czakon et al. Ferrerra et al. Campbell et al. Poncelet et al. Poncelet el al. Poncelet et al. Poncelet et al.
W/Z/H tot. H W, W/Z, VBF tot. Hj (partial) 77 Zj tt+decays Wie Whbb H (t/b int.)
Harlander et al. Anastasiou et al. Melnikov et al. Catani et al. Bolzoni et al. Boughezal et al. Cascioli et al. Boughezal et al. Poncelet et al. Poncelet et al. Poncelet et al. Poncelet et al.

2024-25
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NNLO QCD challenges: numerics

LO How to deal with the numerics?

- stability of loop-amplitudes?

- two-loops in the bulk
NLO > one-loops in the IR

> cross section integration?

:éz@ > large integrand variance

NNLO - negative weights

aalban st
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Transverse-Energy-Energy-Correlator TEEC

5

7 o4

0.12

0.1

0.08

0.06

S 0.6
e

0.14

0.12

0.10

0.08

0.06

A ag(m,)
om,) =

ATLAS :
Preliminary o IEEGSTeV

arXiv:1707.02562

+ TEEC7TeV

arXiv:1508.01579
v CMSincl. jet
arXiv:1609.05331

o D@ incl. jet
arXiv:0911.2710

=0.1181+0.0011 (PDG 2018)

+0.0072
0.1196 1% (TEEC global fit)

L L M|

TEEC 13 TeV

ATLASR,,
arXiv:1805.04691
, CMSM,,

arXiv:1412.1633
CMS R,

arXiv:1304.7498

>

v CMS tt
arXiv:1904.06237

DD R,q

arXiv:1207.4957

I|III|III|IIl|III

v CMSthm 4
arXiv:1307.1907
CMS My; %2

arXiv:1412.1633

- et
‘AR’ Py
arXiv:1207.4957
o CMSR,;"z
arXiv:1304. 7498
_T
s ATLASR,;%
arXiv:1805.04691

v

m]

D@ incl. jet;p?
arXiv:0911.2710
CMS incl. jet;pf:
arXiv:1609.05331
TEEC 7 TeV; %
arXiv:1508.01579
TEEC 8 TeV;

arXiv:1707.02562

TEEC 13 TeV;n,

TN

— o(m,) =0.1175 0. 03335 (TEEC Global)
2\ a(m,) = 0.1179 +0.0009 (PDG 2022)
| L L L MR | L L
10° 10°

9.12.2025 Aachen

Q[GeV]

1 do dor sy s
E : il (S(COS A(]ﬁ — COS A¢ij)d$L,idxl,jd COS Ad)” ]
o4 d cos Aqb dz ;dz, jdcos Ag;;
z 1200 GeV < Hy, < 1400 GeV
£
3
8
ATLAS
z 1400 GeV < Hy, < 1600 GeV Particle-level TEEC
[
S Y5 =13 TeV; 139 fo"
©
©
° anti-k, R = 0.4
2 1800 GeV < Hy, < 2000 GeV 2000 GeV < Hy, < 2300 GeV p, > 60 GeV
£ Il < 2.4
B
©
a M= A,
> ocs(mz) =0.1180
o
[
F NNPDF 3.0 (NNLO)
g —— Data
c BE= 0
99 NLO

% = NNLO
2
E
@
o

02 0.4 06 08

08060402 0 02 04 06 08 -08 060402 0
cos ¢ cos ¢

computationally very costly enterprise...
(~200MCPUh)
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Monte Carlo integration

1 1
Ohiha—sX = Z/ / dz1dzodin, (21, 4F) D) hy (T2, nF)0ij - x (s (WR), 1R, 1T)
= 0

* Numerical integration of highly dimensional integrands » Monte Carlo Sampling

Integral MC estimate MC error estimate

_ < (x 1 1 1 = .
I—/xeﬂd f(x) NZ: (x;) , JM(N;JC(XZ)I)

* Variance reduction techniques improve performance, mapping H : Q) — Q,x — H(x)

1= [ o = e (2190
AN

Find with h(x) adaptive MC techniques: VEGAS [Lepage’78], Parni [Hameren'14],
ML techniques: Normalising Flows Iflow [Bothmann'20] Madnis [Heimel'22], ...

9.12.2025 Aachen Rene Poncelet — IFJ PAN
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Coupling Layer Normalizing Flow

Based on the i-flow paper:

2001.05486
Series of bijections: T = cx(cx—1(-- ca(cr(D))))
o | 0ck(Fp—1) | T = &
Distribution: 9k (Tx) = g0(Zo) [ ] o . where {7077
= Ok r = €p(Tr—1)

Structure of a single coupling layer:

XA

9.12.2025 Aachen Rene Poncelet — IFJ PAN

] y -
NN permutation
Ej @ s = Clzp;m(£4)), Beld+1,D].
xg —C(xg; m(xa))
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A toy example

Multi-modular function (“stop-sign”):
Ar . 1
(VE=ar T G=woP —ro) +(an2 VE-ml+ G-

1 Ar 5 EPAT
e e e v S A CRE L Tk

Sampling densities:

1.0 1.0

0.8 0.8

0.6 0.6

VEGAS

0.4 0.4

0.2 0.2

0.0 0.0

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2
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0.6

0.8

1.0

Coupling-Layer Flow
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Non-factorizing phase space features

Sampling NNLO QCD phase space with normalizing flows
JanRen, Poncelet, Schumann JHEP 10 (2019), 262

# events - RRF ODE # events - RRF VEGAS

1.0 I ‘\I\ 2000 1-0
%%%%% 1750

0.8 0.8
1500

0.6 1250 0.6
1000

0.4 750 0.4

0.2 500 0.2
250

0.0 0 0.0

0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
yvs.n yvs. n

2000
1750
1500
1250
1000
750
500
250
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Weight distribution for double real

absolute only positive only negative
5 4
105 ; o 10° 5
] 10 1 4 :
()] E 10 E
£ 10% 5 ] s
(] ] -~ ]
0>J 103 - 10 E 103 3
) | E
3 102 10 5 102 4
£ ] ]
3 1 ]
< 10! + 107 - 10!
100 -é " I[I ] I -I 1 100 _E “ III r’LI-l|l| 1 ] I 100 -E 1 I 1 1
1072 101 10* 107 1072 101 104 107 1072 101 10* 107
1 RRF VEGAS RRFODE [ RRFCL weight

9.12.2025 Aachen Rene Poncelet — IFJ PAN 41



Non-positive definite integrands

e . f(x)
* Non-definite integrands introduce new challenges 2
- cancellation between +/- parts increase the variance /
° 1 . / T
Consider extreme case: | f(z)|/h(z) = w = const. / i
MC estimate:
. N.-N. _ _ P4
I =w N = w(2a —1) 04 N-|-/N o
* Lower bound on variance: f(@)/h(@)
. w
Var(I) = w? — w?(2a — 1)? = w?(4a(l — a))
- relative uncertainty: of 1 all - %)
I N -1 o — 3 ! x
Rephrased: at some point it doesn’t matter any
more how good your adaptive MC is... i
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Stratification of signed integrands

There are ways around:
1) Add a large constant

2) Stratification: f(x)=fe(x)+ fo(x), with fi(x)=0(Lf(x))f(x)

X X
‘ I_/ dH+f+—()+/ dH_ J-(x) “two independent integrals”
H, (x)eQ hy(x) H_ (x)eQ h_(x)
1 oh fo(x) 1 = fo(x) 1 [N N
- 7 r + ) — 7 T _ v 7 v 7
]strat — ]—i- +1I_ = N_+_ ; h+(Xi> 4+ N_ ; h_(Xi 5]strat N —1 N+ Var(]+) iy N_ Var(j)}

Nyt

vl = 530 ()

=1

+ The total variance is now bounded by the individual variances
- The mappings are more complicated (need high phase space efficiency)
- ideal case for flows!
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Beyond fixed-order perturbation theory

Guiding principle: factorization
"What you see depends on the energy scale”

In Quantum Chromodynamics (QCD):

() > Aqcp  Fixed-order perturbation theory
scattering of individual partons

9.12.2025 Aachen Rene Poncelet — IFJ PAN
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Beyond fixed-order perturbation theory

Guiding principle: factorization
"What you see depends on the energy scale”

In Quantum Chromodynamics (QCD):

(QQ > Aqcp  Fixed-order perturbation theory —> ‘
scattering of individual partons

Parton to identified object transition: “Fragmentation”
- Resummation of collinear logs through ‘DGLAP’

- Non perturbative fragmentation functions (FF)
Example: B-hadrons in e+e-

0 8000000000Q0004

."...‘.'.9‘!
qQOB=
|\!‘!‘!'!'!‘

tose2) 50082 )} Ot

1
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Identified hadrons

Inclusion of fragmentation through NNLO QCD:

Example: pion production
B-hadron production in NNLO QCD: application to LHC tt events with leptonic

decays, NNLO B-fragmentation fits and their application to tt production and . p

decay at the LHC dapp—*h(p) = Z dz dopp—i (;) Din(2)
Czakon, Generet, Mitov, Poncelet ¢

[JHEP 10(2021)216, JHEP 03(2023)251]

W
)

N
5]

4
=)

Open B-Hadron Production at Hadron Colliders in QCD at NNLO and NNLL
Accuracy,

Czakon, Generet, Mitov, Poncelet

[PRL 135 (2025) 16] 00+

=
v

-

Ratio to NLO

mos | O wmmmm NLO === NNLO ¥ ALCE

N
n

Identified Hadron Production at Hadron Colliders in NNLO QCD,
Czakon, Generet, Mitov, Poncelet
[PRL135(2025) 17]

N

woon
o

X
=== NNLO (scale) === NNLO (MAPFF) & ALCE
NNLO (NNFF) === NNLO (PDF)

=]

Ratio to NNLO

Associated production of a W-boson and a charm meson at NNLO in QCD,
Generet, Poncelet, Muskinja 1 2 10
[2510.24525] pr(n®) [GeV]

> NNLO FF fits from LHC data!

0.0

100 200

o
w

9.12.2025 Aachen Rene Poncelet — IFJ PAN 46



Fragmentation & jet substructure

Analogy: jet of given size&energy €—» massive ‘hadron’

Semi-inclusive jet function [1606.06732, 2410.01902]:

m(j) ~ R-pr

dO’LP d%i 1 dx

i, min ﬂ5‘j,nlin J min

igH

1 ‘ 1dz
dprdn Z/r 7 fi/P(”’““)/ 7fj/P<”“’f’“)fz = sl xipr/z 0, 1)

2R2
Jk (z,ln Pt )

—

Modified RGE (not quite DGLAP):

dJ (z,ln Ifg—fj,u)

[2402.05170,2410.01902] dIn pi?

%

The same hard function as for
identified hadrons > NNLO QCD!

1 2.2 12
dy - R
——/ ] E,lnypT :
z Y Y 22

u) - Pr(y)

Jet-substructure observables like energy-energy correlators obey similar factorization!
- great opportunity for precision QCD phenomenology in jets at the LHC

9.12.2025 Aachen
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First step: small-R jets through NNLO+NNLL

Small radius inclusive jet production at
the LHC through NNLO+NNLL,
Generet,Lee, Moult, Poncelet, Zhang
[JHEP 08 (2025), 015]

Absolute spectra

L
Comparison to ‘triple’
differential measurement
by CMS: [2005.05159]

Substantially improved
data/theory agreement:
> PDF fits

- benchmark for PS

9.12.2025 Aachen

1.8

wos | O wemmm NLO = NNLO ¥ cms

R LO+LL === NLO+NLL NNLO+NNLL ~ E  CMS |
+ | \

o 2 ; |

= 117 ‘ !

P I S e —
S ool s 3 I e R L R R P s e s (X )
o TS

wos | O wmmm NLO = NNLO 3 Cwms |
3 [

T T T
LO+LL  ss=== NLO+NLL NNLO+NNLL ¥ cms

¥ L T:I 3 i —
01.06:—{— _t I = III\

Tiag 1 ;iiﬂ =

[}

o NNLO+NNLL (scale)

+ 0.8 s NNLO+NNLL (NP)

o =

S 07 R=0.1 NNLO+NNLL (pert. only)

T lyl<os5 ¥ cms

& 0.6 +—— - , —_———— — : |
84 97 114 153 196 245 300 362 430507 638 790 967 1248 1588

pr(jet) [GeV]
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R=07 NNLO-+NNLL (scale)

WI<0.5 " e NNLO+NNLL (NP)
= NNLO+NNLL (pert. only)
¥ cMs

0.95 +——
84 97 114

153 196 245 300 362430507 638 790 967 1248 1588

prijet) [GeV]
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Theory picture of hadron collision events

Guiding principle: factorization
"What you see depends on the energy scale”

In Quantum Chromodynamics (QCD):

Q) > Aqcp  Fixed-order perturbation theory
scattering of individual partons

Parton-shower/Resummation
Q 2 Aqep  all-order bridge between perturm E

and non-perturbative physics

Q ~ Agep “"Hadronization”/MPI/...
non-perturbative physics

9.12.2025 Aachen Rene Poncelet — IFJ PAN
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Fixed-order matching to parton-showers

The challenge
Combine fixed-order with parton shower evolution
while preserving the precision/accuracy of both!

’ﬁ ,ﬁ ,@ U 4~ shower scali

“Hard” . - g j
scattering parton shower approximation: a(v) In? (v)
scale but to all orders! accuracy: LL, NLL, NNLL, ...
@ . .
Fixed-order: expansionin ags(Q)

———p Cross section ~ e2ij a’s (v) In? (v) x (LO+ NLO+NNLO+...)
S —
——
A matching scheme needs to avoid double counting

of the logarithmic contributions!
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Matching parton showers

At NLO QCD a solved problem » a breakthrough for LHC phenomenology

Local matching NLO+PS: MC@NLO, Powheg, Nagy-Soper, ... 0
(core of event generators Madgraph_aMC@NLO, Sherpa, Powheg+Pythia, Herwig) >_80 % of all exp. LHC papers
cite at least one these!

Core idea: using subtractions schemes to construct showers & matching
(subtraction terms ®= parton shower kernels)

This is the big challenge at NNLO QCD for the theory community!

Some NNLO+PS matching approaches appeared recently but are either
* non-local » resummation/slicing based (for example: MiNNLOPS, Geneva)
> limited generality
* or work so far only for ‘simple’ cases like e+e- - jets (for example: Vincia)
> where NNLO is known analytically
No scheme so far is based on a general local subtraction.
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Run 2

[
ppinelastic

Jets R=0.4
Dijets R=0.4

........

ww
WHWEWK
WEWE EWK

LHC

HL-LHC

LS2

Civil Eng. P1-P5

om0 ]

13.6 TeV

Diodes Consolidation
LIU Installation

pilot beam

Standard Model Productio oss Section Measurements ~ S2vs
T T T T T T T T T T T
ATLAS Preliminary
0 GeV Dor
V5 =5,7,8,13,13.6 Tev —— oy
- ;ng
z . 4
S
A 8 Theory
v G
& LHC pp V5
=0 Datz
- a2 | stat
o o
A a
8 LHC pp V5 =13 TeV
g‘ Data
6 stat
= 5\%&2&7:& uo stat @ syst
o 6'0 LHC pp V=8 TeV
D
* o m Y
‘* o stat
ks o LHCppDvE=7Tev
- ta
a 8 - st:t
- . stat ® syst
S s LHC pp V5 =5 TeV
o il D:z.::_ i
O '’ stat
n-a- xxxxx stat Sysi
= ~*
q wl wl ul ul ul. ul. wl wl wl

WZjj EWK
ZZjjEwK

1074 107 1072 107! 1
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WA :
100 102 10° 10* 10° 10° 10" 0.51.01.52.025

o [pb] data/theory

JLdt

e [0
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inner triplet
radiation limit

Reference

13.6 - 14 TeV

energy

HL-LHC
installation

detectors will rebuild &
new techniques implemented

> HL-LHC is basically a new collider
(allowing for unprecedented precision in pp)

> let’s bring theory in shape

to be able to interpret it!

7?

ﬁ

Thank you!
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