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1 Dirac Field

1. Starting from the generating functional

Z[η, η̄] =

∫
DΨDΨ̄ exp

{
i

∫
d4x

[
Ψ̄(i/∂ −m)Ψ + η̄Ψ + Ψ̄η

]}
, (1.1)

where η, η̄, Ψ, Ψ̄ are Grassmann variables, transform it to the form

Z[η, η̄] = C exp

{
−i
∫
d4xd4y η̄(x)K̂−1(x, y)η(y)

}
. (1.2)

Determine C and K̂.

2. Dirac spinors can be represented as

us(p) =

( √
p · σ ξs√
p · σ̄ ξs

)
, (1.3)

vs(p) =

( √
p · σ ηs

−
√
p · σ̄ ηs

)
, (1.4)

where ξ and η are 2-component vectors. It is convenient to choose the basis vectors such
that

ξ1 =

(
1
0

)
, ξ2 =

(
0
1

)
, η1 =

(
0
1

)
, η2 =

(
1
0

)
. (1.5)

Then, ξ1 and ξ2 correspond to spin up and spin down particle, respectively, while η1 and
η2 describe spin up and spin down antiparticle.

Using the above, derive the following spin sums:∑
s

us(p)ūs(p) = /p+m, (1.6)∑
s

vs(p)v̄s(p) = /p−m. (1.7)
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3. Calculate

gµνgνσ , (1.8)

gµνgνµ , (1.9)

Tr[γαγβγµγν ] , (1.10)

Tr[γαγβγµγνγσγρ] . (1.11)
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